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Motivation: MRI reconstruction

Main Problem:

Reconstruct image from Fourier domain samples

Related: Computed Tomography, Florescence Microscopy



Motivation: MRI Reconstruction

f(x)e ™ *dx
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Fourier Series Coefficients



Types of “Compressive” Fourier Domain Sampling

low-pass

Fourier
Extrapolation

|

Super-resolution
recovery

radial random

Fourier
Interpolation

|

“Compressed Sensing”
recovery



Extrapolation: super-resolution microscopy
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Interpolation: accelerated MRI

25% Random Rel. Error = 5%
Fourier samples
(variable density)
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Compressed Sensing (CS)

* Incoherent projection
» Underdetermined system
« Sparse unknown vector
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Courtesy of Dr. Dror Baron



Sparse-Low Rank Recovery in Nutshell

Forward mapping
By physics

~ argin -l +

Measurement data

Reconstructed image

Prior Knowledge
(smoothness, sparsity,etc)

12



Application to biomedical imaging

Randomly undersample

Full sampling 1s costly!



Application to biomedical imaging
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Undersample

Convex
Optimization

Analysis formulation of Compressed Sensing




Example:
Assume discrete gradient
of 1mage 1s sparse

!

Piecewise constant model
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Recovery by Total Variation (TV) minimization

TV semi-norm:  |glltv = ) \/Igi+1,j — 8il? + |gii+1 — &ijl°
i

i.e., LI-norm of discrete
gradient magnitude




Recovery by Total Variation (TV) minimization

TV semi-norm: [|gl[tv = Z \/|gi—|—1,j — gijl* + [8ij+1 — &ijl?
i)

i.e., LI-norm of discrete
gradient magnitude

min ||g||tv subject to Fog = Fof (TV-min)
ge(CNXN



Recovery by Total Variation (TV) minimization

TV semi-norm: [|gl[tv = Z \/|gi—|—1,j — gijl* + [8ij+1 — &ijl?

i,

i.e., LI-norm of discrete
gradient magnitude

min ||g||tv subject to Fog = Fof (TV-min)

g€ CNXN
Restricted DFT :.E.E.E.E:E.:

Sample locations



Recovery by Total Variation (TV) minimization

TV semi-norm: ||gl[Tv = Z \/|gi—|—1,j — gijl* + [8ij+1 — &ijl?

i,

i.e., LI-norm of discrete
gradient magnitude

min ||g||tv subject to Fog = Fof (TV-min)

ge(CN X N
Convex optimization problem Restricted DFT  “es ses s" 200
Fast iterative algorithms: seteanetel”
ADMM/Split-Bregman, Q = Sl le et tatelete
FISTA, Primal-Dual, etc. Lot e e e

Sample locations



Recovery using zero filled IFFT

25% Random Rel. Error = 30%
Fourier samples
(variable density)



Recovery using TV minimization

25% Random Rel. Error = 5%
Fourier samples
(variable density)



imitations of CS

* Discrete domain theory
* Explicit form of sensing matrix
* RIPissue =2 no direct interpolation
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Analytic Reconstruction

Beautiful analytic reconstruction results from fully sampled data

(@) MR Imaging (b) Time-reversal of a scattered wave

Ak, L

Fov

T r 8G(z,y,T,t)or
Ii(z) = 2 —(2,4,0,T — t)do(y)dt d>.
@=[ra [ [ (e, 0.7 — o)

v,



Project Goal: Unification of CS and analytic reconstruction
for biomedical imaging using a 2-layer approach

Dense samples “The Missing Link” _ Sparse skamples

AY

v

. _ ‘ . _
Analytic Compressed
Reconstruction Sensing
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“True” measurement model:




“True” measurement model:

Continuous Continuous
Approximated measurement model:

DISCRETE DISCRETE



DFT Reconstruction
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DFT Reconstruction
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DFT Reconstruction

Continuous

Continuous

DISCRETE
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Challenge: Discrete approximation destroys sparsity!

Continuous




Challenge: Discrete approximation destroys sparsity!

Continuous

‘['a
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Exact Derivative



Challenge: Discrete approximation destroys sparsity!

Continuous DISCRETE
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Challenge: Discrete approximation destroys sparsity!

Continuous DISCRETE
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Challenge: Discrete approximation destroys sparsity!

Continuous DISCRETE

1.5
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! Not Sparse!
135 0 05
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Super-resolution setting: ringing artifacts !!

Fourier

(a) Fully sampled (b) IFFT, SNR=10.8dB (c) TV, SNR=16.6dB



Overview

3. FRI extrapolation from uniform samples
1-D Theory

interpolation



Classical Off-the-Grid Method: Prony (1795)

f(ti) f(w)

| M I | [ _
| Sy — l i
Uniform Off-the-gnd
time samples frequencies

e Robust variants:
Pisarenko (1973), MUSIC (1986), ESPRIT (1989),
Matrix pencil (1990) . . . Atomic norm (2011)



Main inspiration: Finite-Rate-of-Innovation (FRI)

[Vetterli et al., 2002]

K]
|I‘||I‘ W —s

Uniform
Fourier samples

* Recent extension to 2-D images:

f(x)

Oft-the-grid
PWC signal

Pan, Blu, & Dragotti (2014), “Sampling Curves with FRI”.



spatial domain

multiplication

f(x) U

I

Eourier domain

f k] .

|I|‘||| Ozﬁk)
1) —

Annihilation Relation:

AR

V

annihilating function

convolution

.............

annihilating filter

> Ye—kek =0



N

, Stage 2: solve linear system for amplitudes
recover signal

o | |

o 1] o boed —o
fx) U ll W

annihilating function )

flk]

g, 620 |I‘|.|II‘ « ] =0

.............

annihilating filter

A

Stage 1: solve linear system for filter



Similar 1-D FRI idea by [ Liang & Hacke 1989]

IEEE TRANSACTIONS ON ACOUSTICS, SPEECH, AND SIGNAL PROCESSING. VOL. 37. NO. 4. APRIL 1989

Superresolution Reconstruction Through Object
Modeling and Parameter Estimation

E. MARK HAACKE, ZHI-PEI LIANG, anp STEVEN H. IZEN

Abstract—Fourier transform reconstruction with limited data is often
encountered in tomographic imaging problems. Conventional tech-
niques, such as FFT-based methods, the spatial-support-limited ex-
trapolation method, and the maximum entropy method, have not been
optimal in terms of both Gibbs ringing reduction and resolution en-
hancement. In this correspondence, a new method based on object
modeling and parameter estimation is proposed to achieve superreso-
'ation reconstruction.
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Fig. 2. (a) Fourier reconstruction of a phantom from real magnetic reso-
nance data using 256 data points in the vertical direction and 64 points
in the horizontal direction. (b) Same as (a), but vertical direction is re-
constructed using the proposed method. An example profile through the
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Overview

3. FRI extrapolation from uniform samples

2-D Theory

interpolation



Extension to higher dims: Singularities not 1solated

2-D PWC function
f(x,y)

Isolated Diracs



Extension to higher dims: Singularities not 1solated

Oxf

2-D PWC function
f(x,y)

V
—

Diracs on a Curve

X 8,f o



2-D PWC functions satisfy an annihilation relation

spatial domain

\Y%

— P o =0
f(x,
(x,y) "

Fourier domain

f[k] ; o annihilating filter

Annihilation relation: Zk Vf[ﬁ — k]Ck =0




Zero-set of a 2-D trigonometric polynomial /Pan e al, 2014]

N
{u=0}©

p(x,y) = Z Ci, el {lotly) “FRI Curve”
(k1)) EN




Complicated edge geometries with few coefficients

Multiple curves Non-smooth Approximate
& 1ntersections points arbitrary curves

13x13 coetticients 7x9 coefficients 25x25 coefficients



Piecewise analytic model /[Pan et al., 2014]

* Signal model: piecewise analytic signal
N
f(z) = ) &i(2) - 1o,(2)
i=1
s.t. g; analytic in £2;

* Not suitable for natural images
 2-D only

* Recovery 1s 1ll-posed: Infinite DoF




Piecewise polynomial model /O. & Jacob, SampTA 2015]

* Proposed model: piecewise smooth signals

N
f(x) = > &i(x) - 1a/(x)
i=1
s.t. g; smooth in €;
* Extends easily to n-D

* Provable sampling guarantees

* Fewer samples necessary for recovery




Annhilation relation for PWC signals

Prop: If fis PWC with edge set E C {u = 0}
for p bandlimited to A then

> " hlk]9f[e — k] =0, VL€ Z"°

kEN \

any 1% order partial derivative

1 (x)




Annhilation relation for PW linear signals

Prop: 1t f1s PW linear, with edge set E C {u = 0}
and p bandlimited to A then

N p2K]92[e — k] =0, VEE€ 7"

kE2N \\\\

any 2" order partial derivative

p(x) u2 = fi * [i




Wide class of images: Annihilation relations

f(x) = ) gi(x) - Loy(x)
i=1

s.t. Dg; = 0 in

Signal Model: Choice of Diff. Op.: -
PW Constant D=V L st order
PW Analytic* D =0+ jay J
PW Harmonic D=A L ond order
PW Linear D = {8xxa 8xy9 8yy },

PW Polynomial D = {3a}|a|:n } n'® order



Challenges to proving uniqueness

1-D FRI Sampling Theorem [Vetterli et al., 2002]:
A continuous-time PWC signal with K jumps can be uniquely

recovered from 2K+1 uniform Fourier samples.

Proof (a la Prony s Method):

Form Toeplitz matrix T from samples, use uniqueness of

Vandermonde decomposition: T = vDbVvH

/

“Caratheodory Parametrization”



Challenges proving uniqueness, cont.

Extends to n-D if singularities isolated [Sidiropoulos, 2001 ]
F ~ : |
—>  flk] =) ae
i

Not true when singularities supported on curves:

i) ﬂ[k] =7{ e 27k ds
o9

Requires new techniques:
— Spatial domain interpretation of annihilation relation

— Algebraic geometry of trigonometric polynomials



1. Uniqueness of edge set recovery

Theorem: If fis PWC* with edge set E = {u = 0}

with p minimal and bandlimited to A then

AN

C = p 1s the unique solution to

> " c[k] V£ — k] = 0 for all £ € 2A
kel

*Some geometric restrictions apply

3A
f' 2N 5 Requires samples
A C Z°  of fin3A

to build equations




2. Uniqueness of signal (given edge set)

Theorem: If fis PWC* with edge set E = {u = 0}
with @ minimal and bandlimited to  tAen
g = f is the unique solution to
p-Vg=0 st flk]l=glk],keTr
when the sampling set T O 3A

*Some geometric restrictions apply

Onqgie & Jacob, SIAM J Imaq. Science, in press




2. Uniqueness of signal (given edge set)

Theorem: If fis PWC* with edge set E = {u = 0}
with g minimal and bandlimited to A then
g = f is the unique solution to
p-Vg=0 st flk]l=glk],keTr
when the sampling set T O 3A

*Some geometric restrictions apply

Equivalently,
f = argmin ||p - Vgl s.t. flk] =glk],k €T
g

Onqgie & Jacob, SIAM J Imaq. Science, in press




Super-resolution MRI [O. & Jacob, ISBI 2015]

1. Recover edge set 2. Recover amplitudes

Discretize

LR INPUT

HR OUTPUT

Spatial
Domain
Recovery

Off-the-grid On-the-grid



Super-resolution of MRI Medical Phantoms

(b) IFFT, SNR=10.8dB (c) TV, SNR=16.6dB

(a) Fully sampled

(d) Proposed, SNR=21.3dB

x4

(e) Fully sampled (f) IFFT, SNR=19.2dB (g) TV, SNR=19.1dB (h) Proposed, SNR=19.0dB

Onqgie & Jacob, SIAM J Imaq. Science, in press




Can we generalize to non-uniform setting ??

Improve recovery using non-uniform sampling



Overview
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5. Fast implementations

6. Biomedical applications



Sampling vs low-rank interpolation

digital correction

sampling filter
C1 C |
z(t) =3 p1(—t) q p2(t) [—>
acquisition ~ ) _
device E ()(t - .1») recor;ﬁtg:ctuon
keZ
(@)
Low-rank
interpolator

o C1 | & __
w(t) ——| 71— F ¢ faf w2(t) f—>it)
sparse
innovation shaping

Sensing , ,
Filter matrix irregular reconstruction

sampling filter

(b)

~1



Key 1dea: annihilating filter

* FRI Sampling theory

f(x) : periodic stream of K Diracs h(x) : annihilating function
|| Ja
e f(x)-h(x) =0
T 0 T
X
A h[n] h[n] : annihilating filter
i TR ) (A 0
-n, 0 n, n

Length of h[n] > k+1



Low rank Hankel matrix

* Jin KH et al. IEEE TCI (to appear) * Ye JC et al. IEEE TIT, 2016 * Jin KH et al.,IEEE TIP, 2015

* ALOHA : Annihilating filter based LOw rank Hankel matrix Approach

Finite length convolution

Uwﬂm ae@@@

Zh[l fln—11=0

K : # of annihilating filter coef.

Matrix
Representation

E (i =0

Sparsity in spatial domain < low rankness in k-space



Low-Rank Hankel matrix minimization

RankH (f)= k

*Jin KH et al IEEE TCI, 2016

*Jin KH et al.,IEEE TIP, 2015
*Ye JC et al., IEEE TIT, 2016

Missing elements can be found by low rank Hankel structured matrix completion

( )

min  |[#(m)|.
subject to  Po) = Pa (f)

\. J

|| ' “ % Nuclear norm PQ Projection on sampling positions



General TV Signals

Lf(z) =) a;é(z—=;), ;€ [0,7].

L:=axD® +ax_DE 1+ ... +a;D+ag

Ple?ewzse smooth. Weighted Fourier data
Splines, polynomials

FiLf(z)} = Zag e

l(w) = ag(iw)™ + aK_l(zw)K Y+ aq (w) + ag

67



Existence of Annihilating Filter

Annihilating filter for weighted Fourier data

General Low-Rank Hankel Matrix Completion

(P) minmecr RANKIZ(m)

A A

subject to  Po(m) = Pho(10f) ,




Extension to general signal models

Stream of Diracs

o(t) = Y et —t;—Ir),

leZ 1=0

» rank =r

h(z) = Zh[l]z"_H (1—e2ts/71y

3=0

. frank—Zd-
l(t)_zz- NEATP A VA TT /4 . —1\d.

ez i—0  With a proper weighting, the Hankel
matrix of the weighted k-space data
- low ranked. rank = r

r—1

h(z) = Z ]2~ = H _ ity /7y-1)

=0

Stream of differentiated Diracs

Non-uniform spline

—

Lo =) ¢6(t—1;)
J=0

L:=axd® +ax_105 ' +...+ a0 +ag

Piecewise smooth polynomial

g
a:(‘”'l)(t) — Z Z Czj5(j)(t — 1)

IGZ j:O

1 rank = rq
= H(l —ujzt)e
7=0

*Ye JCetal IEEETIT 2016




Performance Guarantees

— Evact Recovery
min ()]

subject to Pq(m) = Py(f) 2 on grid

m > c1pcsklog™ n B {4, off grid

— Stable Recovery
m A\

subject to ||[Po(m) — Po(f)|| <6
|H(m) — H()||r < con®s

*YeJCetal IEEETIT 2016




Mutual Coherence for FRI

[L

Cn—d+1

Cd

71

max - - , - s
\O'min@lvn—d+l) Omin (Vd Vd)}

Confluent Vandermonde matrtx

(%) é T

1 <

n/2

n/2-1/A -

T

(N = [ (V-1)! r

(N

Multiplicity of roots

Using extreme function

for bounding singular value
See Moitra (2015)

*Ye JCetal IEEETIT 2016




Relation to Super-resolution: Minimum separation

f(x) : periodic stream of K Diracs

‘ ‘ -] A>g

| |
-1/2 0 1/2 X n
R Same as
fln] Candes et al (2013)
ceo I” I ] I l I coe Tang et al (2015)
-n/2 0 n/2
n / 2 Using extreme function

< for bounding singular value
M - n/2 . 1/A . 1 See Moitra (2015)

*Ye JCetal IEEETIT 2016




Link to discrete domain CS

*YeJCetal IEEETIT 2016

On grid model using cardinal setup

* Unknown singularities are located on integer grid

La(t) = > a[l]6(t —1)

leZ.

* Discrete whiting filter with uniform sampling accornts for the sparsity

I
R
Shaping filter [, — w(t)

z(t)

Whitening filter

UJ(f) — Tl_ .

1 1, Ly

Discrete whitening T ﬂ [ >

filter I U




Oft-Grid vs On-Grid : Hankel

*YeJCetal IEEETIT 2016

Hankel Matrix: off-grid  Wrap-around Hanlel Matrix: on-grid _
a0 -1 g0 woll] - dold—1]
i il oL i) - od
in-d) gn-dt1 e jn-1] doln—d  dgln—d+1] - dgfn-1]

Periodic repetition | | Wo[n—d+1] dgln—d+2 - g[0]
m > ciucsklog™ n N

4, off grid

&{2, ongrid | | | dgp-1 @] o infd-2




Off-grid vs On-grid: weighting

Regularized Weighting = more stable

10—

magnitude

*YeJCetal I[EEETIT 2016




Phase transition:
piecewise constant signals

Compressed sensing

0.2 '
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0.15
0.6
0.1
0.4
0.05 0.2
i A (l
0.2 0.3 0.4 0.5 0.6
m/n

]
T

Ground-truth
—-—-Proposed (noiseless)
-------- Proposed (40dB)
0.2 0.4 0.6 0.8
Position
Proposed method
|
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0.4
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2-D PWC functions satisfy an annihilation relation

spatial domain

\Y%

— P o =0
f(x,
(x,y) "

Fourier domain

f[k] ; o annihilating filter

Annihilation relation: Zk Vf[ﬁ — k]Ck =0




Matrix representation of annihilation

T(f)e=0

2-D convolution matrix vector of filter coefficients
(block Toeplitz)
> [c 3
> It
| = 7(f)
) [ |
gridde center .

Fourier samples ky?[k] 2(#shifts) x (filter size)



Basis of algorithms: Annihilation matrix 1s low-rank

Prop: If the level-set function is bandlimited to /A
and the assumed filter support N D N then

rank[T(F)] < |N’| — (#shifts A in A')

Fourier domain Co —_—

Spatial domain M(Xa Y) —> ej27r(kx—|—ly)“(x, Y)



Basis of algorithms: Annihilation matrix 1s low-rank

Prop: If the level-set function is bandlimited to /A
and the assumed filter support N DO N then

rank[T(F)] < |N'| — (#shifts A in N')

Example: Fourier domain
Shepp-Logan

(T

3000

2500

2000+

1500 -

1000 -

500

100 200 300 400 500 600 700 800

Assumed filter: 33x25

Samples: 65x49 Rank ~ 300



One Step Algorithm

Jointly estimate edge set and amplitudes

OUTPUT

Interpolate

Fourier data

Off-the-gnid

Accommodate random samples



Recovery as a structured low-rank matrix completion

min rank[7(f)] s.t. flk] =b[k],k € T
f



Recovery as a structured low-rank matrix completion

min rank[7(f)] s.t. flk] =b[k],k € T
f

1-D Example: :Foep hfz

T (F)

Missing data




Recovery as a structured low-rank matrix completion

min rank[7(f)] s.t. flk] =b[k],k € T
f

Toeplitz

1-D Example:

T (F)

Complete matrix




Recovery as a structured low-rank matrix completion

min rank[7(f)] s.t. flk] =b[k],k € T
f

Toeplitz

1-D Example:

T (f)




Recovery as a structured low-rank matrix completion

min rank[7(f)] s.t. flk] =b[k],k € T
f

NP-Hard!



Recovery as a structured low-rank matrix completion

min rank[7(f)] s.t. flk] =b[k],k € T
f

l Convex Relaxation

min || 7(f)|. s.t. flk] =b[k],k €T
f
N\

Nuclear norm — sum of singular values



Recovery from 20-fold random undersampled data

Fully sampled TV regularized Structured low-rank
recovery recovery

Ongie & Jacob, SAMPTA 15
https.//arxiv.orq/abs/1609.07429




Fully sampled TV (SNR=17.8dB) GIRAF (SNR=19.0)

50% Fourier éiémples
Random uniform

Ongie & Jacob, SAMPTA 15
https.//arxiv.orq/abs/1609.07429




Performance guarantee

Theorem: Let f be PWC with edge-set accord-
ing to our model, sampled uniformly at random
at m locations on a Fourier domain grid of size
n = ny X na. Then there exists a universal con-
stant ¢ such that f is the unique solution to the
SLRMC problem with high probability provided

m > CK p1rCq log* n

Kk = condition number of 7'(?)

p1 = incoherence measure of edge-set

rank of T (f)

ratio of grid size to filter size Ongie & Jacob, ICIP16,
https://arxiv.orq/abs/1703.01405

r

Cs




Incoherency measure A1

Intuition: minimum separation distance when packing r points on
the edge-set curve, where r = rank T (f)

1 : : : : 1 : : : : 1

1 o08f 08}

1 0sr 06

1 04r 0.4+

1 02F 0.2f

0 : : ‘ : 0 : : ‘ : 0 ‘ : ‘ :
02 0.4 0.6 08 1 0 0.2 0.4 0.6 08 1 0 02 0.4 0.6 08 1 0 02 0.4 0.6 08

(a) Level-sets of ug (b) p < 8.0 ©) p <2649 (d)p<5.0x10%

Small regions: high incoherence & more measurements

Complex boundaries: high rank/bandwidth



Phase transitions

Randomly generated
synthetic PWC 1images

Probability of exact recovery

10.8

10.6

Bandwidth

04

0.2

0.2 04 0.6 0.8 1
_ Undersampling factor
10 trials

Uniform random Fourier samples

64x64 Fourier sampling window
Ongie & Jacob, ICIP16,
https://arxiv.orq/abs/1703.01405




Related structured low-rank methods in MRI

Magnetic Resonance in Medicine 64:457—471 (2010)

SPIRIT: Iterative Self-consistent Parallel Imaging
Reconstruction From Arbitrary k-Space

Michael Lustig"?* and John M. Pauly?

Discrete formulation exploiting multichannel acquisition

668 IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 33, NO. 3, MARCH 2014

Low-Rank Modeling of Local k-Space
Neighborhoods (LORAKYS) for Constrained MRI

Justin P. Haldar, Member, IEEE

Discrete formulation exploiting sparsity, smoothly varying phase, and
multichannel acquisition



Overview

1. Introduction
2. Review of Compressive Sensing
extrapolation
4. Structured low-rank interpolation for non-uniform samples
5. Fast algorithms

6. Biomedical applications



Nuclear norm minimization

min ||Af — b||2 + A||X|[. s.t. X = T(f)
f |

ADMM = Singular value thresholding (SVT)

1. Singular value thresholding step
-compute full SVD of X!

2. Solve linear least squares problem

-analytic solution or CG solve C




Alternating projections [“SAKE,” Shin 14], [“LORAKS,” Haldar, 14]

min ||Af — b||2 s.t.| X = T(f)
f

Alternating projection algorithm (Cadzow)

1. Project onto space of rank r matrices

_Compute truncated SVD: X* = UX,VH
2. Project onto space of structured matrices ‘ﬁ‘

-Average along “diagonals”




U,V factorization [0.& Jacob, SampTA 15, Jin et al., ISBI 15]

min ||Af — b||2 + A||X|[. s.t. X = T(f)
f |

“U,V factorization trick™

IX]l. = min 3 (U]l + IVIIF)

X—=UVH 2
X
r X M

Low-rank factors

X

N x M N X



U,V factorization [0.& Jacob, SampTA 15, Jin et al., ISBI 15]

min [|Af — b[|* + 3 (JJU]If + [IVII})
f,U,V

UV factorization approach

L Sineu] Lie threshold;
——ecompute full-SH Dot X!

SVD-free = fast matrix inversion steps

2. Solve linear least squares problem

-analytic solution or CG solve C




~108x 10°
Cannot Hold
in Memory!

f
5]
256x256x32
32x32x10

Main challenge : Computational complexity & memory

: =
a o

?.4 Twﬁ —
] Y

AN M %

= \O©

S 2 S
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Exploit convolutional structure of the matrix

TF)

Fast evaluation using FFT

Direct computation of small Gram matrix: avoid storage



IRLS algorithm along with structure exploitation

* Origimal IRLS: To recover low-rank matrix X, iterate
W+ (XHX + el)~2
X+~ arg min IXW? |2 + A||AX — B||?




IRLS

* Origimal IRLS: To recover low-rank matrix X, iterate
W+ (XHX + el)~2
X+~ arg min IXW? |2 + A||AX — B||?

e We adapt to structured case: X — T( f )
W+ (TENTF) + el) 2

f« argmin | T(F)W?|Z + A||AF — b’
f




IRLS algorithm

* Origmal IRLS: To recover low-rank matrix X, iterate
W+ (XHX + el)~2
X+~ arg min IXW? |2 + A||AX — B||?

» We adapt to structured case: X = T ( j/-‘\ )

W (F)”T(r]—l— el)_‘

f+— arg min H’T(f)W2 |2 + A||Af — b]|?
f

Without modification, this approach is still slow!

Ongie & Jacob, ISBI16
https://arxiv.orq/abs/1609.07429




Idea 1: Embed Toeplitz lifting in circulant matrix

LN RN N )

Circulant C (f)
*Fast matrix-vector products with 7 (f) by FFTs

Ongie & Jacob, ISBI16
https://arxiv.orq/abs/1609.07429




Idea 2: Approximate matrix lifting

Pad with extra rows

LN RN N )

40
*Fast computation of ’T(f) n T(f) by FFTs

Ongie & Jacob, ISBI16
https://arxiv.orq/abs/1609.07429




GIRAF: fast [O. & Jacob, 2016 (arXiv)]

Complexity similar to IRLS for TV minimization

IRLS TV-minimization GIRAF algorithm

l ~__ l
Local update: Least-squares Global update Least-squares
! problem w/small SVD problem

W;i,; —
T (Vg e



initialization

200 400 600 800 1000 1200



Convergence speed of GIRAF

15x15 filter  31x31 filter
Algorithm  #iter total- #iter total

------- e SVT SVT 7 110s 11 790 s
GIRAF GIRAF 6 20s 7 44 s
-------------------------------- IRLS-full

Table: iterations/CPU time to reach

260 460 660 convergence tolerance of NMSE < 10~
4

CPU time (in seconds)

Ongie & Jacob, ISBI16
https://arxiv.orq/abs/1609.07429




Convergence speed of GIRAF

AP-PROX

L, Lot —4— SVT+UV |7
2 —&— GIRAF-0 |
Z 1072 g
10_3 .......... “ ................ ‘ ................ ‘ ................ -

0 200 400 600 800 1,000

AP-PROX SVT+UV GIRAF-0
NMSE = 4.9¢e—3 NMSE = 11.6e—3 NMSE = 1.8¢—3
Runtime: 1000 s Runtime: 1090 s Runtime: 49 s



Overview

1. Introduction
2. Review of Compressive Sensing
extrapolation
4. Structured low-rank interpolation for non-uniform samples
5. Fast implementations
6. Biomedical applications
a. Applications to MRI

b. Other applications



TV-domain sparse signal cases

Sparse In
TV
domain




TV-domain sparse signal cases

Coil 1 Coil 2

® © 00 o)) A=spaceunweighting
nleeeoee
llescoel — &
Slevarnse ‘
. @ @ ® . mverse
weighting §
m Q
Input ﬁw (2°w) S
sampled k-space data - Coil 1 Coil 2 E g
RS
6-
l S
I '
—_— ® n —_—

1
S
k-space weighting 2




k-t dynamic sparse signal cases

4 )

Hankel matrix with
wavelet weigthing

- k
Sparse In \§ y J
TV . =
domain

2D block Hankel matrix on

s-t

spectrum Temporal
P y Fourier Hankel matrix on
(PE) transform t

f




k-t dynamic sparse signal cases

ky-t Pyramidal steps
(3 levels)

\/

2 scale ALOHA

tol (107

scale ALOHA
tol (1072

s scale ALOHA (k -t)

Output

k-space unweighting

— &

|

inverse
weighting

L1 ©[0)6 8,046
ole oV o Ve

040, 6 © |06 © (046

ofle o Ble

© 0 0

@ |

Coil 2
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Coil 2
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Single coil static MRI

LY WKAu9) L IU0UPUSTU (A9 LV (A7) L 10pPouUsScuUu (A=)

NMSE 4.654¢-03 NMSE 1.832¢-03 NMSE 6.022¢-03 NMSE 2.461e-03




Rank Bound for Parallel Imaging

YV = [%(1621) %ﬂc(iQQNC)]

RANK)Y, < RANKJZA(W) + RANKA(fi)

Sparsity of common image Sparsity of sensitivity map
In transform domain In Fourier domain

Jinetal, IEEE TCI, 2016
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Parallel MRI

UGRAFPA (X4) SARKRE T ESPIKLL (X4) rroposed (x4)
ORIG NMSE 4.641e-02 NMSE 1.813e-02 NMSE 7.496¢-03




Dynamic MRI — multi coil

k-t FOCUSS (x60) Proposed (x60)
ORIG (x6) NMSE 6.217¢-03 NMSE 2.546¢-03

»
i

Six fold (x6)
down sampling
# of coils =4

error (x5)




MR Parameter Mapping

What is MR parameter mapping?
S~ = —t/ 2 . o . .
“\\\51 = Sloe T | Finding the quantitative
~~~~~ value of each tissue
t

TE, TE, TE, TE,
e.g. Multi-Echo Spin-Echo (ME-SE, T2 mapping)

Cons

’
Long scan time
- Needs multiple scans
- Variation of Tl, TE, FA, etc.
TE, TE, TE, TE,
e.g. Multi-echo images for T2 mapping
\

[1] Siemonsen, S et al., Radiology, 2008 [2] Rugg-Gunn, F. J., et al. NEUROLOGY, 2005



Result : in vivo acceleration study ( ME-SE, T2 )

Full k-t FOCUSS k-t SPARSE Patch

R 7275
§ fe & V5 J ,*‘-.

k-t SLR C-LORAKS ALOHA

ME-SE image

Error X5

47.5173x10% 52.9943x103 47.6076 X103 60.6220x 103 47.9392x 103 | 17.6058 X 103

Reconstruction of x12.8 accelerated scan - ME-SE (4" echo)

Lee et al, MRM, 2015




Result : in vivo acceleration study ( ME-SE, T2 )

Full k-t FOCUSS k-t SPARSE Patch k-t SLR C-LORAKS ALOHA

150

100

T2 Map

Error X5

18.0169 X102 159958 x102 18.7474%102 12.6578%x102 23.0070 X 102 6.5596 X 102 (ms)

Mapping from the reconstruction of x12.8 accelerated scan - T2 mapping

Lee etal, MRM, 2015




Result : Signal intensity curves ( SE-IR, T1)

Signal Intensity (a.u.)

, k-t FOCUSS
i k-t SPARSE

- =O- - Original
—A— k-t FOCUSS

AW —— k-t SPARSE

Patch

k-t SLR

LORAKS
—f— ALOHA

0 400 800 1200

T1 relaxation

1600 Time (ms)

Lee et al, MRM, 2015




Summary of Results

 Goal : Acceleration of MR Parameter mapping
by undersampling and reconstruction

Conventional scan }

Full acquisition

i 12min 50s
> f

Y Reconstructed
\ 1min 2s images

g Y
3 N
{ \
e .

Scan v
Time

Accelerated

Lee et al, MRM, 2015




Extension to 3-D applications using GIRAF

256x256x32

32x32x10

Cannot Hold

in Memory!

Filter: 32x32

S
-
S
—
P4
No
S
—
!



3D applications: dynamic MRI

Lifting in 3D

° = 7(f)

T(f) is low rank! ,_: ,

gl L _

127



Fast 3-D implementation using GIRAF

Weight Update:

Gram matrix: 2 FFTs and no matrix product.

HQINGY

Fourier data update:

| T(QF )Wz |2 — simplifies to ||Q(Fif) * fisos||%

-
S

1 frame of Where, Msos=
I"’SOS

N
Need few iterations of
—1(w.)|2
; |[F =1 (wi)] CG to solve.




Cardiac CINE MRI

Truth Proposed TV Fourier Sparsity
SNR -23.32 SNR —23.27 SNR - 21.52

Golden angle (14lines) HFEN- 0.109 HFEN-0.121 HFEN- 0.15

Balachandrasekaran & Jacob, ICIP 16




Exponential signals with spatially smooth parameters

plrsn] = 3 ai(r) Bi(r)"
i=1

. 4
Fourier samples =%

Decay Constant 75

>t

MR parameter mapping



Exponential signals with spatially smooth parameters

Amplitude

50 100 150
time points

200

250

Amplitude

12000 F—7

10000 r

8000 r

6000 |

4000 |

2000

Choline

Creatine

W

Fieldmap. T2* map
MR spectroscopic imaging, fat-water imaging,..



1-D signal satisfies an annihilation relation!

L
yln] = > p[n — mlh[m] = 0
m=0 \

L+1 tap filter

Example: L=1




Spatially smooth parameters

< 4
06 X 10
S, 08y
N
05 1 L
LN 05| o 3 ¥
04} - ] - mh
> 04 - Ak 1
03 ~. ~ 2 Vo
oo 03 | ~o | ,
0.2 ~a °Soo ] VI
o~ 02 | o~ ! 1 1
0.1 { * Y,
01 { t
- ol . . 0
2 4 6 8 10 12 T 4 e s % 2 4

in il
-

3 {-/

Fap

Fourier domain




Convolution as multidimensional Toeplitz matrix relation

ﬁ[ka n] T(ﬁ)

. A

yV

/ T(p)d =0




Multidimensional Toeplitz matrix 1s low-rank

plk, n] T(5)

yV

. A

— |Rank(7(p)) < [A| —|A: O]

Balachandrasekaran & Jacob, ISBI 17, Wed AM




Fast algorithm using an extension of GIRAF

= Proposed | -
== |RLSdirect
= G|RAF

500 1000 1500 2000
CPU time (s)

Proposed method ~=7.5 times faster than IRLS (direct) method

Balachandrasekaran & Jacob, ISBI 17, Wed AM




Spatially bandlimited filters provide better reconstruction

EFFECT OF FILTER SIZE ON SNR OF 15 WEIGHTED IMAGES.

filter size SNR filter size SNR (dB)
128x128x10 | 28.05 102x102x11 30.80
122x122x10 | 30.30 102x102x10 31.21
114x114x10 | 31.00 102x102x7 31.13
108x108x10 | 31.12 102x102x4 30.96
102x102x10 | 31.21 102x102x2 30.78
100x100x10 | 31.20 102x102x1 29.88

(a) Varying spatial dimension (b) Varying temporal dimensions



Parameter mapping in MRI

Ground truth Proposed BCS HLR-Voxel Low rank

30.37dB  26.25dB 22.32dB 17.6 dB

Balachandrasekaran & Jacob, ISBI17




Parameter mapping in MRI

Ground truth

Proposed BCS HLR-Voxel Low rank
i . _ .

V) ﬁ fz_, 'EZ:V]

ii) |

31.43 dB 26.18 dB 20.51 dB 15.85 dB

Balachandrasekaran & Jacob, ISBI17




Parameter mapping in MRI

Ground truth Proposed BCS HLR-Voxel Low rank

T> - Maps

Error Maps

30.31 dB 29.11 dB 28.33 dB 27.6 dB

Balachandrasekaran & Jacob, ISBI17




Correction of Nyquist ghosts in multishot MRI [MUSSELS]

Motion-induced 1nter-shot phase errors

First shot

Combined shots

Original image Ghost artifacts



Self calibration methods: Image domain

Ir(r) = I(r)fs(r)
” ‘ g
0, ' '_,j /
J 92
(r)01(r)

Ii(r)=I(r

H.6 =0
I(r)

Image domain annihilation relation [Morrisson, Do & Jacob 2007]
Io(r) - 01(r) — I1(r) - O2(r) =0

Model sensitivities as polynomials: EVD

Better than SOS estimates



Self calibration methods: Fourier domain

I5(r) = I(r)0s(r)

r
am
ua

Fourier domain relation [Lustig 2012, Haldar 2014 ]

%)
I(r)

Iok] % 01[k] — I, [K] % 05[k] = 0

Phase: linear combination of exponentrals  FIR filter



Self calibration methods: matrix form

Fourier domain relation

(B B i =
Convolution: matrix multiplication




Self calibration methods: Fourier domain

Fourier domain relation

Compact matrix representation

() )] [ 4]0

Q(;:Iz)

N shots: (]Z) null space vectors

Q is low-rank & structured




Smoothness regularized multishot MRI

Multi-shot recovery

_._H(Iz[k])_- _H(fl[l:_)-
. . kyf [K]
Smoothness regularization = ——
| T(f)
ky%[k] B B
Combine the matrix liftings N | S
Structured low-rank recovery : :
=l
| A(I1, I2) = b||? + AG(11, I2) |« : :
S T) T T () -

Mani & Jacob, Magnetic Resonance Medicine, in press




Structured low-rank recovery: MUSSELS

Can also account for partial Fourier

0.8 x 0.8 x 2mm; 3 avgs; 25 directions; b=700

Mani & Jacob, Magnetic Resonance Medicine, in press, EMBC 2016




Comparison with MUSE (state of the art)

Average #1 Average #2 Combined

MUSSELS

Mani & Jacob, Magnetic Resonance Medicine, in press



Radial trajectory correction

split data
into Ny
segments Ay

gridding
— N; . N, : N, — D
b °
..o L
° L
° .. ° .. h .
° ° block ||
Hankel
H. (1) matrix

MUSSELS

NUFFT using nominal trajectory TrACR trajectory corrected




Radial trajectory correction

Mani & Jacob, ISMRM 17



MR artifacts

« What is MR artifacts?

During acquisition, external interruptions (ex. fluctuation power
supply of gradient, motion of object, etc.) distort signals.

Signal amplitude

Spike noise Respiratory motion

M. Graves, et. al., JMRI (2013)

151



Motivation

K
Herringbone artifact Motion artifact Zipper artifact

s e B

klf ~~~~~~~~~~~~~~~~~~ m ‘ ] x

External RF | Motion Consistent external RF

152



Motivations: MR artifacts as sparse outliers

v" Herringbone (spikes 2-D k-space)

S
M (kg hy) = M(ky ky) + Y €50[ky — kg, by — ky .
71=1

-~

el

sparse outliers

Herringbone artifact

K

——MNMNANNN——

External RF

153



Motivations: MR artifacts as sparse outliers

v Motion artifact (spikes 1-D k-space parallel to readout)

_ ﬁ(z ky) exp(j2mkyd(ky)), when ky € {ky, .- - kys}
M(x, ky) = .
M(x. ky), otherwise

n

———

= :\T(r ky) 4+ Y Mz, ky)(exp(j2rkyd(ky)) — 1)6[ky — ky, ]

=1

-

v

sparse outliers

Motion artifact

1"

| Motion

154



Motivations: MR artifacts as sparse outliers

Zipper artifact (spikes 1-D k-space perpendicular to readout)

S
M (z,ky) = Mz, ky) + Y €50]z — zj].
=1

My -
T

enaraa nntljers
Zipper artifact

\ky

~

\\\\\\\\\\\\\\\\\\\\\\\\\\\

o8 RN AR,
AR RN :

Consistent external RF

at specific frequency e




Key Observation : Sparse outliers

* Sparse outlier is still sparse in weighted Hankel matrix

ALOHA* + Sparse MR artifact

L=5#{x} S =1{¢}

01010JCIOIOLTE[E)
K] SR oLkl - eYclololololz ]t
O OEEE Liftingto (©IOJ6JOLOITIELTIT)
@) 0]o]%] 5|3 Hankel matrix | &3 E 0@ EEE

OB +  — QeoeeoHEE -+
(©) ooz 2| With ®000CBEBE
| [® OO BRIEI Reconstruction | @@ @ EEEEIEIE]
. , - @6 EEBEEIE
K-space Artifacts B0 BBEIEEIE

Low-rank Hankel matrix Sparse outliers

« ALOHA: Annihilating filter based LOw rank Hankel matrix Approach

TE. Candes, et. al, JACM (2011), R. Otazo, et. al, MRM (2015)
*K.H. Jin, et. al, [EEE TIP (2015), K.H. Jin, et. al, arXiv (2015), J. C. Ye, et. al, arXiv (2015), J. Lee, et. al, MRM (2016), D. Lee, et. al, MRM (2016) 156



Robust ALOHA

RPCA for weighted Hankel matrix

min | 2Z2{ M }|]
M.LE
’ signal Sparse outlier

subject to PQ @@ L)=Pqo(M+E)

K-space weighting

v' Extension of ALOHA  for decomposition
of sparse outliers (E) out of mixed signal*

v' Can be addressed ADMMT

v' K-space weighting

S. Boyd, et. al., Foundations and Trends in Machine Learning (2011)
tZ. Wan, et. al., Mathematical Programming Computation (2012)
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Algorithm Flowchart

(a) Herringbone artifact

Row-wise
vectorization

hlock Hankel matrix

-

Stacked

—

—

ky

Low-rank Component
& unweighting

\

T

k
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Retrospective results

Corrupted MR image N
Original high intensity impulse noise Low-rank component Artifact component (x4)

High intensity
Spike noise

Corrupted MR image -
low intensity impulse noise Low-rank component Artifact component (x4)

Low intensity
Spike noise
(low frequency region)

Corrupted MR image

Acc. x5 with impulse noise Roven compancut Artifact component (x4)

Spike noise
with down sampling (x5)




In Vivo Motion artifact

Corrupted 1mage
motion artifact

Low-rank component

Artifact component Spectrum of artifact

sudden motion
(3 times)




Cardiac Motion artifact

Corrupted image
motion artifact

Low-rank component




Z1pper artifact

Corrupted image
zipper artifact




2-D herringbone (in-vivo)




2-D herringbone (in-vivo)

Intermediate recon. after Final recon. after

Corrupted MR image : . : . e
P e herringbone artifact removal Herringbone + zipper artifacts removal

N

=S Zipper SRR s - zipper

herringbone \ A : =225 herringbone




EPI Ghost artifact

In EPI, Gradient is distorted by eddy currents and this causes phase shift

Phase shift Ghost artifact image

snnt®
“““
.®

I..
n
.....
L
L4
L 4
L 4

—%mc Even and odd echo mismatch

- causes ghost artifact!

*
0..
4, “
......
........
lllllllllllllll



Conventional correction

Navigator : pre-scan or reference scan

RF
Gx

RO

PE

G:

SS

RO

Navigator-based

A
Without PE
: gradient
(| 5
o
o

Calculate difference of phase
between 1st -2nd |ine, 2" -3 |ine

Make phase
difference map

T

— *PE

only possible to linear phase correction

- Pulse sequence compensation”

«  Without any modification”

- Using Parallel Imaging Information
- others

«—— | Calculate

— 1T | Phase disparity

from EPI data itself

lower performance compared to
the reference-based approaches

1) Xiang QS et al., MRM, 2007 2) Zhang et al., MRM, 2004
Poser BA et al., MRM, 2013 Kim YC et al., JMRI, 2007




EPI model

EPI data can be expressed as N : Total # of echoes

Index of each line

n:
Echo time x : Read-out
y : Phase-encoding

k k //@ 327r%m y) (n—N/2 . kl -I-k' x+kyy]dxdy

Image intensity Frequency offset Echo spacing (time between each echo)

c.ﬁ ))—i—kmx—i-kyy] dxdy

» Sn (ke ky)| = //m(x,y)eﬂw[Af(m,y)((TE+(n—N/2>ESP)+(j
Virtual k-space , - _
(even signals) = //A[e( (@1 ‘rc{ej”(k 2R Y) dady
g _(kl-k ) _ //m 113 y ]27r Af(ac y)(( +(n N/2)ESP)—(,TICGI$))+kmm+kyy]dxdy
Y Different!
Virtual k-space [ -
(odd signals) = //A €

me )yej27r(kw:r+kyy)dmdy
where A =m(x,y)exp (527 [Af(z,y) (TE + (n — N/2)ESP))])




Sparsity of difference

[The ghost generating phase term can be changed into a sine term }

Sn,A(kx-ky) - Sn,+(kx- kv) - Sn,—(kx‘ kv)

= / / A(x,y) (ejz“Af (x¥)ds _ gizmifxy hﬁ—‘) e/27(kexthy) 4xdy

://A(x.y)stin 211L\f(x.y)k—5>efz"(k*”]‘-*’y)cLX(ly
J . Y Uy

k k
sin <27rAf(1‘, y)ﬂ(iC ) ~ QTFAf(fl‘.,y)mcf

2

A(x. ) Af (x, y)e?mkxrky) dxdy

Spa (ke ky) = j2mksy / /
J J vGx

2 [69A<x.y>sf<x.y)]
F -
vGy 0x Sparse

— > How can we use this sparsity?



Sparsity of difference (Cont.)

Sna (kx, ky) = F(Sparse signal)

> Hankel structure matrix constructed by S, s (k,, k, ) is low-ranked

A (Spa)b = (# (Sn+) — #(Sn-))h=0
U
b
[[Jf (S'n,+) H (Sn,—)]: h] =0

Low rank structured matrix
completion algorithm

EPI ghost correction

k-space interpolation Problem
Problem »

using low rank structure




Reconstruction flow

« SE-EPIl in-vivo data, 128x128 matrix size, 6/8 partial Fourier

Reconstruction  Reconstruction
Odd echo only  Even echo only by odd echo by even echo SSOS result

K-space

Image




Result : GRE-EPI in-vivo

Direct Conventional Conventional
inverse FT Pr0posed -with reference -w/o reference

Image

Re-scaled
Image (20%)




Result : fMRI analysis

fMRI analysis of GRE-EPI using SPM

» Pair hand squeezing stimulation « Familywise error, p < 0.05
= Motor cortex activation

Conventional Proposed

_________ x : i P';i -
PM{T m
- ; - SPM{T,) 2 5  SPM{T)
__________ ® L
Proposed Proposed

(multi-coil)

(single-coil)




Applications to Image Processing

Inpainting & Impulse noise removal

SLEDl|aser endoscopecatheier A BCANing

Yolume Phase
' olpgraphic Grating

C bEr
Trame
g pulse train
L..1E:Hn5clm=-m Sampling rate ! B0 lnes'ses

S¥NChrn@Ded data acquisiTion

y Xq g Xa
7] Bl
= yi=K \3”
¥s ¥ | ol L

- [orl =

£ E| oo |E

e k] ‘E

2 a 2

] an L]

I E i |/
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L N

1
10 array packst
i 2 (Color online) 3D SD-0OCT mage reconstretion @




Spectral Domain Sparsity

Ky

Smooth patch Smoothness, texture, pattern
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2-D Hankel matrix

Proposed
(n,=5,m=5p=q=3)
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region

(Column-wise Hankel matrix)

mi-qi

Hankel
Matrix
construction
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Spectrum changes for each patch
- Need to adapt the local Image statistics
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Why patch processing ?
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Herringbone weave
Brick wall Tile roof

Raffia (D84)

Grass (D9)

Rotation invariant sparsity
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low rank !!
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Experimental results (x5)

Missing (80%)
PSNR 6.54
SSIM 0.06374

K-SVD
PSNR 23.08 PSNR 24.27
SSIM 0.7491 SSIM 0.8075

- . ’ :

18. APR. 2015.

Mesh
PSNR 23.09
SSIM 0.8042

C-SALSA
PSNR 23.38
SSIM 0.7918

Kernel
PSNR 22.91
SSIM 0.7551

Proposed
PSNR 31.34
SSIM 0.9547




Experimental results (x5)

Barbara Missing (80%)

Kernel (Steering)

A’

m ////f;:fj:.-."....uf““"']”“""
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Text inlayed image reconstruction

Missing(15. 3%)







Object removal
ORIG Missing(7.99%) Mesh
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Impulse Noise Removal

L =X} S ={E}
MTi, j XTi. i 2T i B ~

[i,]] ~ XL, Eli,j] loleloolelojalele
0@ Hankel matrix (ololeJoJolT]cle]T)
ceoE8 + _ olelolalele] ¢[s|a)

oloje]®|a) opoeeeREE 4+
OEOHE P00 0CCEEE
- Image Impulse noises B ggg%

®|®
 CoCEEE

Low-rank Hankel matrix Sparse outliers




Impulse Noise (40%) RPCA
PSNR : 13.52 PSNR : 19.76

-

RPCA (patch) Robust ALOHA

PSNR : 17.26 PSNR:22.46
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: 29.68

Robust ALOHA
PSNR




Application to B-mode US Imaging

(a) Scan line emission (b) Recording RF echoes

( Focused Tx Beam \
atScanlLine 3 RFs 1 Depth

Tx|1]|2|3|4]5

Receive mode

Recorded

l ST TSI echoes

(c) Full scanning for one B-mode image (128ch)

fps: 128/PRF

: 1/PRF g
ScanLine [ 1 2 64 (128
TR I T [T ITTT] OO rrry " LTI
v v v
Depthl 1. Probes deliver
Rx beamformed
All Rx should be used B-mode image, only.
—> high power DAS | —+ D A TG,
COHSUIIlpthH, D thl raw measurements
: Stacking SC planes - 3D data for one B-mode image discarded.
High data rate T s¢ 187




Sub-sampled Dynamic Aperture B-mode Imaging

[]Rx open B Rx closed

Change
frame 1 frame 1 combination of frame F
( 1 ) ( 2 ] open Rx 128
RREIN B AN °°° [N

Depth

Qf

Rx
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Low-Rankness of B-mode US Data

Temporal slices of
Pre-beamformed RF data

/ frame 1 frame 2 frame I\

Series of
reordered data Multi-channel
- ALOHA
f d Stacked Interpolation
orwar ,

Reordering Hankel matrix
ﬁ

AN T L Y.

offset /

Effective aperture \
—~

A,

forward

Reordering of pre-beamformed
R into scanline-offset domain
N L for low-rank property

K s offset / 189
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Sparsity of the Spectrum

Similar & Sparse spectral support

forward FT
on SC-offset

offset foffset



Low-Rankness of B-mode US Data

Exploiting Temporal Redundancy

—> inter-temporal annihilating filter

min | Z{X}].

subject to Z{X} = [{X 1} - H{XFp}].

F]
A

Reordered subsampled pre-beamformed data Reconstructed slices 191
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Low-Rankness of B-mode US Data

Matrix > Hankel matrix

K\ Singular value dist. of ~Z{AX’}

1

XF Similar & Sparse spectral support SC-RX, single fr.
Py ——SC-RX, multi fr.
= 0.75 ——Reorder, multi fr.
S ——Hankel, multi fr.
forward FT
on SC-offset 5
— .
[ §
fSC
offset foffset
Spatio-temporal redundanc 0 0.25 0.5 0.75 1
y
norm. # of SV

- achieved by multichannel
Hankel matrix

Lowest rank over several settings!
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In-vivo Acquisition

Verasonics system with a
Linear type probe (L7-4)
|:| Rxfopen 1l Rx cIoseofI 1 change f F ° Centel' freq SMHZ

(O T SN By ‘28 * Sampling:20 MHz.
‘ « 128 scanlines (SC) x 128

. RX channels

 RX element
— Width:133um
— space between RX

frameF

frame2

frame 1

elements : 158um

1188



Snapshot image from dynamic scan

Missing (x12

T10 T1 15 T10 T1
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Dynamic reconstruction (x2)

Full Sampling Beam forming

x2, key 0, SSIM : 9.15e-01

Full sampling MSE : 4.32¢-01, L MSE : 8.51e-01




Dynamic reconstruction (x2)

Full Sampling

 —

e
B 1. - -15_ ~ s -
o - — S
- . S
"'5-%"‘_- -

Full sampline x2, key 0, SSIM : 9.97¢-01
= MSE : 3.50e-02, L, MSE : 7.73¢-01




Dynamic reconstruction (x8)

Full Sampling Beam forming

 — - e

-
— P e — n =
-
— S . ey
o Te— — = -‘,

R  —
e =
—
= . %
"'5-_‘ < S
' x8, key 0, SSIM : 7.51e-01
Full sampling ?

MSE : 7.90e-01, L. MSE : 9.40e-01




Dynamic reconstruction (x8)

Full Sampling

 —

L -
. e ——
— g— e —_

—— -—
= .
"'5-‘-;,?
Full sampling

x8, key 0, SSIM : 9.80e-01
MSE : 1.20e-01, L. MSE : 7.84e-01




Dynamic reconstruction (x12)

Full Sampling Beam forming
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x12, key 0, SSIM : 7.29¢-01
MSE : 8.40¢-01, L MSE : 9.52¢-01

Full sampling




Dynamic reconstruction (x12)

Full Sampling
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Full sampling

x12, key 0, SSIM : 9.66¢-01
MSE : 1.76e-01, L. MSE : 7.92e-01




Localization microscopy

= Nanoscopy based on localization R L(.)wjd:e‘ns‘lty 'maging
= Localization precision is not diffraction limited

= Sparsely activated probes + localization => super-

resolution image / £ a2 8ms'h?
= + +
O \ (N N 22N

Thompson et al. BPJ 2002

(a) (©)

Number of

Fluorescence |
(Photons) Events

1000

0
x-Dimension

-Dimension
(Nanometers) -500

ngh dqns,ﬂyg@aglng
%00 (i ters) 0 "
100N oié e (Nanomaters) 0% (N(;?{:Efe'fe?s) O.. 8. Oy ‘ ) )h‘

1‘ "' » ‘

= However, sparse activation scheme has too slow
temporal resolution for live imaging
= Tens of seconds or several minutes
= High-density imaging for fast live imaging

=  Require a robust localization algorithm and system




Existing high density algorithm

@ ©2011 Nature America, Inc. All rights reserved.

reedy approach

DAOSTORM: an algorithm for high-
density super-resolution microscopy

CORRESPONDENCE |

for images of Alexa Fluor 647-immunolabeled microtubules n fixed

COS-7 cell. We recorded data at high imaging density using total

internal reflection fluorescence microscopy and direct (d)STORM
5 b

To the Editor: y o8 e h 5( P
fluorophore"frame"!). We plotted localzations on raw images,lus-
a).SA1
besed seper-resch I reconstruc- Jes, vhi
STORM) 2 tion error. SA2 localized a lager fraction of the molecules but yielded
dothers), lly<001  large local DAOSTORM out-
image s™!),limiting their utili Tive-cell d Jgorithms, dentifying almost all molecul
These tech hich use stochastic photoswit with small loca
closely spaced fluorophores and thus per-resolved Ve quantif
hat the 0 has l ulations of ‘.
mmuwmnm.uw imaging density’ <1 molecule -3 imiting Jculating
iscussi the recal Reaal
Alvulunauwﬂl this issue is that current lution local-  is the percentage of simulated fluorophores detected. Localization
ization algorithms work by fitting images of luorescent molecules erroris th locali dth
h p y W P 5
hich did y substantially
DAOPHOT I refs. 34), can simuhancously i n\(rhmng molec- mu\muw sbsantlly Am\)‘rmnmul the spae .\Igun(hm\
ular PSFs (hereafter caled ‘molecules) with PSEs M data
"fmmc'
10melecules )\\nk\elq-edn\()\n)i“ (Supplementary  11-0 SA1 showed poor ecall m,;n density,with imaging den-
OPHOT Ilfor  sity at of 1.2 molecule . Howeve,
d roby SAI yielded small
(Supplementary Fig, 1 and Supplementary Methods). because most »\«hppmb molecules were muml SA2 had better
W 4 DACSTC = 34 molecules ym)
1'(SA1)' fit de k>ﬂl|mle\uh)um 3).In
! contrs DACSTORM gee sl ocalization erons st the
other ‘precse’ algorith h;\\xkvuuu|vnnu|\ﬂvl
I 1l size-bosed ik ? -

SA2fisc
andsize, without shape- o size-based filering

Figure 1] Comparison of a
DADSTORM to eisting super-
rsolution localizaion algorths.
(a) A single image of uorescently
led microtubules was analyzed
using SAL, SA2 and DAOSTORM.
Crosses represent localizations for
each algorithm (b.¢) Recall (b)
and localzation ero (c)of the
algorthms used in a measured
for simudated images of andomly
distributed surtace-immobilized
molecules. ot bars, 5., (1= 10),
(8) Supereresalved micotubule
images fom a 2,000-frame data
seres. (¢) Line plots o cross
section ndicated by dashed lines
ind. Scale bars, 1 .

Holden,
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S.et al, Nat Methods, 2011
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Faster STORM using

BRIEF COMMUNICATIONS |

the single fluorophore signals overlap. These methods are based

based approach

SCIENTIFIC
REPLIRTS

FALCON: fast and unbiased

on fiting clusters of overlapped spots with a variable number of OPEN
3 oint-spread functions (PSFs) with either maximu likelihood
compressed sensing Siimaion? o campe, g e DAOST ; : ; ;
ple, using the DAOSTORM algorithm®) or r n tr t n n
Bayesian statstics1% The Bayesian method has also been applied SURIECT AREAS econsirucrion O lg ensl
Lei Zhu', Wei Zhang’, Daniel Elnatan® & Bo Huang®™ 1o the whole image set!’. Here we present another approach : . .
based on global optimization using compressed sensing, which e Super.resoluhon m ICTOSCOPY data
In super-resolution microscopy methods based on single- does not involve estimating or assuming the number of mole-
dtchir g single- . in Ve con sensing can work NANOSCENCE AND
‘molecule switching, the rate of accumulating single-molecule ules in the image. We show that compressed sensing can work AR Mint, Cidric Vonesch®, i Kishner™, Lina Corlin®, Nicolos Olfert, o ,
activation events onm tmitsthe time resolution. Here we it mch igher molecle densies ompared 10 DAOS e s“"‘!""m v LM‘”’“ proeet e Secmus Holde
developed a sparse-signal ffluorescent p iana Manley?, Jong Chul Ye' & Michoel Un:
sensing to analyze i mlagas with highly overlapping fuorescent microtubules with -5 lempural resolution.
spots. This method all o C Received KAIST, Dosjeon, D [ —
an order of magnitude higher than ntional single d 203, g3 3 L, Swezaond King's Cellogaoacin, K.
malecule fiting methods can handle Using this method, is, mostly zeros) or can be made sparse after a given transforma- gt
we demonsts ti cover from highly Accepted
with a time resolution of 3 5. or P 18 March 2014 Supes resluton microscopy such as STORM and (FIPALY is now a well known method for bisogicl
) ) deals with alinear measurement b of the original signal x Published “r""‘"" at the panometer sale. H X .
3Aprl 2014 when investigating live-cell dy Here, tan algorith 4‘..,“, s
copy in the past few years!2 live cell imaging remainsa challenge b= Ax 0] A oo v o g o withs ,h"h e imation of the
because ofthe need for high temporal resolution, Using the same ithm i desi ide unbi iratic " high recall rates
1 d detector ight microscopy,  where the matrix A is a known measurement function. If x is < b e shorter ru
solution mi y L1 norm (the o o hlthh?:ully Akmmns V\c nl:dzld our .lfumhm on both ﬂmnhlnd and npmmhl m ..d
time to obtain more spatial information, leading to a rade-off  sum of te absolte value of exch element) roquesfor matriols of25
should be oddressedto
between its spatial and temporal resolution. In super-resolution o o
ictoscopy methods ba:ed' on. smgle] -molecule smdnsug B uh minimize | x[ subjectto b = Ax @ R eollch) S ingle-molecule localization microscopy methods, such as STORM' and (F)PALM™, utilize sparse activa-
1.\mkr\nu localization micros-  even when b has far fewer elements than x has. h
copy ((F)PALM)™S, ach camera image samples a random sub- In STORM, the camera image hasa linear and shiftinvariant Thesa aubors d funct icroscope (PSF). This alk o achieve sub-pizel accuracy on the order oftens of
setof probe molecules in the sample. The temporal resolution s relationship with the true molecule disribution to be recovered. o) | b
mostly determined by the time required to accumulate enough T ) this work. relatively long, ic.
single-molecule switching events so that adjacent localization crete grid to describe the molecule positions instead of using a st on the order of minutes. Thi oh livescell &
points can be closer than one-half of the desired spatial resolu-  of molecule coordinates asistypically done to represent super- highedensity imaging’ sty of
tion (Nyquist criterion)®. Achievinga 50- to 70-nm spatial resolu-  resolution images. The grid spacing is kept much smaller than x‘mwd probes. shorter acquisition times f-w 8 single mpeneclution image an b i he -d"m! However
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o + In th . s in an terative manner by analyzing pisel cisters i the residual image. The positions ofthe probes are
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Better Localization Performance



ALOHA for localization microscopy

ALOHA principle —
Image:g = h«f f: Sparse

A A A

f . Low-rank
Hankel matrix

203/

v'  PSF estimation

# v' Deconvolution

v Grid-free localization



PSF estimation

» HD localization algorithms usually assume that PSF is known and fixed
» Requiring additional training low-density data set
» [n live experiment, PSF is varying in time and space both.

Key idea: Optimal PSF h* => minimum rank of Hankel matrix

Minimum

Rank ({5 O h™'})

112

» Under symmetric Gaussian PSF model, its width () is estimated by minimizing Schatten

norm —~-1
N [ 1Y |
204/



Grid-free localization

Now, we have entire Fourier spectrum f

» Localization is nothing but spectral estimation problem!
fm,n) = Z e M) = z,cm?‘q?
= We used ACMP (algebraically coupled matrix pencils) algorithm (vanpoucke et al, 1994)
» Data matrix Z"*N of rank k, having no shared harmonics of p;, g;
7MXN — pMXk ~kXk Qfok
» [n Matrix form: TR = [l o (g igedt

» P.Q are Vandermonde matrix, C is diagonal

26



Algorithm procedure

Image

ROl for
PSF estimation

Fourier 3. Grid-free
5 i Localization

1. PSF estimation 2. Deconvolution




PSF variation along time

MIN
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300
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Reconstruction

.. Proposed
+ ¢ s~ FRCS82 £6nm




Localization bias

[l Proposed
a b . I FALCON
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Infrared spectroscopy

e o ©o o ¢

Absorbance (a.u.)

1D IR spectroscopy

(a)

w3 (em™)
2010 2030 2050

=

2130 2150 2170
wq (cm™Y)
True Spectrum

Example sampling mask for

under sampling factor 10

CLS Decay

Wavenumber (cm) 0 1 I 4
Waiting Time (ps)
2D IR spectroscopy
Under sampling factor
© 3 8 12 20
Y] gé- (2 = {1k (= s
d g, — S

2130 2150 2170
wq (cm™Y)

2130 2150 2170 2130 2150 2170 2130 2150 2170
wy (cm™) @y (em™) @y (em™)

Accelerated imaging using GIRAF

Humston et al, Journal of Physical Chemistry
Bhattacharya et al, Optics Letters, submitted




Conclusions

* Off-the-grid = Continuous domain representation
* Compressive off-the-grid imaging:
Exploit continuous domain modeling to improve image

recovery from few measurements

* Two realizations: extrapolation, interpolation

— Extrapolation: FRI theory

— Interpolation: Structured low-rank matrix completion

* Performance guarantee for structured low-rank approach

— 1D, 2D theory = near optimal performance guarantee



Conclusions (cont.)

* Extensive applications

— MRI

» Compressed sensing MRI, parallel MRI
» Super-resolution MRI

* MR artifact removal
— Image processing: inpainting, impulse noise denoising
— Other imaging applications

* US imaging

* Optics

* A missing link between analytic recon and CS ?
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